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Abstract

In this paper we will prove new lower bounds for the first eigenvalue of the Dirac operator on
two-dimensional Riemannian manifolds diffeomorphic to S> with an isometric S'-action. We show
examples, where this new bound improves the known lower bounds and coincides in the limit with
the known upper bounds. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

On closed Riemannian spin manifolds the spectrum of the Dirac operator is discrete and
real. There are a few examples where the spectrum is well known, e.g. the flat tori [12],
spheres of constant curvature [17] and spherical space forms [4] (for an overview and more
examples cf. [2]). For the sphere S" of constant sectional curvature 1 the Dirac operator has
the eigenvalues

= (5+k). k=0,
2
. R TI 21 (k+n—1
with multiplicity 21"/2/(*77 7).
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In general there are only estimates for the eigenvalues of the Dirac operator. For an
n-dimensional closed Riemannian spin manifold M" with scalar curvature R, Friedrich
has proved in [13] that the eigenvalues satisfy

A2 > ———— Ruin, (M

with Ryin := min{R(m)|m € M"}.

For two-dimensional manifolds (M?, g) of genus zero the Dirac operator has no kernel,
because any metric g on S2 is conformally equivalent to the standard metric, and the
inequality
32> 4

~ vol(S2, g)
holds for the eigenvalues (cf. [5,9,16]).

There are also some upper bounds for the first positive eigenvalue of the Dirac operator,
e.g. in [8] it is shown that for compact connected Riemannian spin manifolds of dimension
2m and positive sectional curvature K with maximum K,,,«x the inequality

@

)\2 S 4nl~1meax

for the first positive eigenvalue holds.
Another intrinsic upper bound for Riemannian manifolds M? diffeomorphic to S is
givenin [1]: Let

i d(he)l?
8D (M?, g) = inf /7lgrah(2d’)| ds%: @ e U2, M) |,
¢
S-

where U (52, M?) denotes the set of all uniformisation maps preserving the orientation.
Then

)\2 - A S?iraC(M2, g)
I = vol(M?, g) vol(M?2, g)

(3)

For manifolds M", which are isometrically immersed in R"*!, extrinsic upper bounds
are known (e.g. [8,10]). In [6,14] the following inequality for the first positive eigenvalue
of the Dirac operator on M" < R"*! with the induced spin structure on M" is shown

2 f g2
2 h [ H*dM

4vol(M) )
where H denotes the mean curvature.
In [1] the inequality
2 < S B2+ G dM? + [y lgrad f12(1 + [G(H) dM? )

S (f2 + G2(f)) dM? ’

where f : M> - R, G : R — R are smooth functions and G’ denotes the derivative of G,
has been proved.
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In this paper we give new lower bounds for the eigenvalues of the Dirac operator
on two-dimensional manifolds of genus 0 with isometric S'-action. We will show the
following:

Theorem 1. Let (M?, g) be a closed Riemannian manifold of genus O with an isometric
S'-action with maximum length of orbits 27 fuax. Then

1. A= 1/2 fiax-

2. The multiplicity of an eigenvalue . n > 0, with

2n — 1 <)\”§2n+1

2fmux - 2fmux

is at most 2n.

On the one hand there are many examples, where this estimate improves the known
lower bounds for the Dirac operator on surfaces, and on the other hand, it shows that the
known upper bounds and the new lower bound coincide in the limit for the ellipsoid. More
exactly:

For the ellipsoid E (a) with axes (a, 1, 1) witha > 1, the minimal scalar curvature is 1 /a~
and the volume is 27 + (4a®/~/a? — 1) arcsin /(a®> — 1)/a?. Therefore the estimates (1)
and (2) for the smallest positive eigenvalue A(a) on the ellipsoid E(a) give no lower bound
in the limit a — oo, whereas Theorem | shows

Aa) > %_ for every a > 0.
On the other hand, the inequalities (4) and (5) give

Tim Afa) < 4
a— X0 I
(cf. [1]), which is the optimum result.
In Section 2 we will give some general facts about the Dirac operator on surfaces of
rotation and calculate the eigenvalue equation in special coordinates, in Section 3 we will
use this equation to get the estimate.

2. The Dirac operator on surfaces of rotation

Let (M, g) be a two-dimensional oriented Riemannian manifold M = S$? with an isomet-
ric S!-action, whose principal orbits are free. Then M/S' = [0, 1], the dense submanifold
M, of principal orbits is an § !_fibre bundle over Mg/ St &=, 1) (cf. [3, Proposition 8.2])
and the two orbits, which are not free are fixed points.

Lety : I = (0,L) — M, be a section of My — MU/Sl orthogonal to the fibres
parametrised by arc lengthand f : ] — R, f(r) = (vol(S' -y (1)))/2m, then

(Mg, g) = (I x 8", dr* + f2(r)d¢*) =1 x; §'.
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For given f the closure of I x ¢ S! is a C*-manifold iff f(0) = — f(L) = 1 and f extends
at zero to an odd smooth function and similarly at L.

Example. For the ellipsoid with axes (a, b, b) we have f(t) = bsin x(¢), with r(x) =
N \/az sin ¢ + b2cos2 ¢dg, t € (0, L), L :== [ \/az sin® ¢ + b2 cos? ¢ d¢.

The frame-bundle P of I x¢ § I is trivialised by the canonical section s := (3;, 9p/10¢1)-
$? has exactly one spin structure given by the Hopf bundle. Therefore the spin bundle of
M is given by

QU xsS' =T xS xS' > P, (t,z1,22) > (t,21,2123)

and the identifications (0, ¢, z) ~ (0,0, z) and (1, ¢, 2) ~ (1,0, e~ %z) at the poles.

The section s does not lift to a global section of Q|I xr § I A local lift § of s satisfies
(¢, 0) = —5(t, 2r) and the section 5¢'?/2 is globally defined on I x S ! Inaneighbourhood
of the poles 5e'¢/? and §e~'%/2, respectively, are smooth local sections of the spin-bundle
over M.

The Levi-Civita connection Von I xs § l'is given by

3 (t
<v3h _¢_> = —f( )0'2’
19p1/ ()
with a2 = (35 /191, -)-
The spinor derivative for a local spinor

[5,¢], withy = (z) € C®(I x5 S"\(1, 1), C?
is given by
_ if (-1 ,2
Vw_dw+2f< " )a

and therefore the Dirac operator by

D 1/fz( (/D + i + (/D /Y )
—(/O¥) +ivn + G/ D/ NHv )

where lﬁi/ = 0y ¥; and ¥ = 3y (for details concerning the Dirac operator see [11] or [15]).
The Dirac operator preserves the Fourier decomposition of ¥, so we restrict to spinors
of the form ¥/ (z, ¢) = 6(n)e*? with 9 =: (§)) e C®(1, C?).
Then ¢ = 6e*? defines a spinor on I x ¢ §' iff k = (2n 4+ 1)/2,n € Z and on these
spinors the Dirac operator acts as

_ 6+ 02D+ )8 e
by =1 (91 +(1/21)(=2k + /)6y ) .
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A spinor ¢ = 0(t)e*® € C*(/ xr SI\@, 1), C?) is globally defined on M iff 6, (1)
elPh=1/2 g, (r — De®*k+1/D g, (1)el®*+1/D and 6>(t — 1)e®*~1/2) define smooth func-
tions at 0, since 5e'%/2 is a smooth local section at 0 x S' and 5e~¢/2 at 1 x S'. This means
that £, vanishes at zero of order |k — %I and at 1 of order |k + %!, 6> vanishes at zero of
order |k + %l and at 1 of order |k — %I.

If (M, g) is a Riemannian manifold with isometric S I_action, then there exists in every
neighbourhood of g in the C'-topology a metric g such that (M. g) is the closure of 1 x ;S :
with an analytic function f.

In [7] it is shown that a small deformation of the metric in the C'-topology does not
change the eigenvalues of the Dirac operator too much, more exactly.

Lemma 1 {7, Proposition 7.1]. For € > 0, A > O there exists a C l-neighbourhooa’ of
g such that for any g in this neighbourhood with associated Dirac operator D and any
A € [—A, Al we have

dim E; (D) < dim E[}\—E.)\+€](D) < dim Ej;_2 i42(D),
where E|, p,| is the direct sum of eigenspaces of D for the eigenvalues ) € [a. b].

So we will restrict in the following to / x § ! with analytic f.
3. Lower bounds for eigenvalues
We consider the Dirac operator on an S'-manifold which is the closure of / x ; §' with

analytic f : I — R. As shown in Section 2 the eigenvalue equation for a local spinor
¥ = fel?* is given by

A0 =i (9'2 + —If(zk + f)@g) , (6)
A0 =i (91 + ﬁ( 2k + f)e,) (7)

with boundary conditions |6; (0)| < oo, |6;(L)| < oc. These boundary conditions already
ensure that 6 describes an L?-spinor and thus as a solution of the eigenvalue equation a
C>-spinor.

We restrict to the case A > 0 and k > 0: If (git:;)ei"’k is an eigenspinor with eigenvalue

X, then also (z]f;;)e % and () (’))) i%k is an eigenspinor with eigenvalue —A.

Furthermore we can assume ¢ as imaginary and 6> real.

Lemma 2. If6) and 6, are solutions of (6) and (7), k > 0 and 6, and 6> are bounded at 0
and L, then |6)(0)/62(0)| = oo and |61(L)/62(L)| = 0.

Proof. If 8;, 6> are solutions of (6) and (7), then

| N
fo (@k=1 _i_kz)el

=g+ (S - 5

(8)
f
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and

f

e Lo (OSFT

e 27 A )9_. )

Thus the characteristic equations of Egs. (8) and (9) at zero are
v(v—1)+v—1(1—2k)?*=0,
vv—-D+v— %(1 +2k)? =0.
Therefore locally at O any solution of (8) and (9}, which is bounded, is given by
01() = CiZ 72U+ @), 6@ = C T+ b)),

with analytic #; and k; (0) = 0. Indeed taking the expansion in power series in (6) we see that
if 6 (t) vanishes of order m at 0, then 6, (¢) vanishes of order m+ 1. Thus |6, (0)/6-(0)| = oc.
The same argument at L gives |6 (L)/62(L)| =0. O

Example. For the sphere Egs. (6) and (7) give

, 1
A, :1(92 LI cost)02> , (10)
2sint
. 1
A0y =i (91 . +(_2k+cost)e]), (11
2sint

with the eigenfunctions 6y (t) = icos(z/2) and 6,(t) = sin{¢t/2) for A =l and k = %
If 6y and 6> are solutions of (6) and (7) which are bounded at 0 and L, then i(6;/6>) is a
(possibly singular) solution of the real Riccati equation

) , 2k
Z=Az +72+A, (12)

with boundary conditions

|z(0)| = o0, Z(Ly =0. (13)

Lemma 3. If (12) has a solution with boundary conditions (13), then A > k/ fiax with
max = MaXe[0,L] f(t)

Proof. Consider the t-dependent vectorfield v, on R given by

v (2) = Az% + 2K 4n forre ©, L)
A £ T
y : (0, L)y — Ris a solution of (12} iff y (¢) = v,(y (1)).
Forz > 0,k > 0,1 > O the vectorfield v, satisfies v,(z) > O for every t € (0, L).
This means that for every solution y of (12) and ty € (0, L) with y (o) > 0 the inequality
v (tp) > 0 holds.
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If X < k/ fmax than v;(—1) = 2(A — k/ f(t)) < Oforevery t € (0, L), which means that
every solution y of (12) and #y € (0, L) with y(tp) = —1 satisfy y (1) < O.

Therefore for every solution y : (0, L) - Rof(12) with y(L) = O0weget—1 < y(0) <
0if0 < A <k/fmax. O

For the Dirac operator this yields the following result:

Theorem 2. Let M = S? be a surface of rotation with My = I X S!, then
1. The smallest positive eigenvalue A k|11 2 with an eigenspinor locally given by = HelP
satisfies higj+172 > |kl/ fmax. especially the smallest eigenvalue satisfies

Al > .
2fn]'¢lX

2. The multiplicity of an eigenvalue Ay +1,2 with k| finax < Apier2 < (kL4 D/ frnax Is
at most 2|k| + 1.

Especially for the ellipsoid with axes (a, b, b) we get

I
AL > % foreverya > 0.
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